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University.1. Introduction
Many physical phenomena can be modeled by fractional equa-
tions, which have different applications in various areas sci-
ence and engineering such as thermal systems, turbulence,
image processing, ﬂuid ﬂow, mechanics, viscoelastic, and other
areas of applications [1–15]. In recent years, numerous papers
have been concentrating on the development of analytical and
numerical methods for fractional integro-differential equa-
tions. For instance, we can mention the following works.3116563.
ac.ir (K. Sayevand).
lty of Engineering, Alexandria
g by Elsevier
ng by Elsevier B.V. on behalf of F
08Lepik [16] applied the Haar wavelet method to solve the
fractional integral equations, Momani and Noor [17] applied
the Adomian decomposition method (ADM) to approximate
solutions for fourth-order fractional integro-differential equa-
tions, and Rawashdeh [18] applied collocation method to study
integro-differential equations of fractional order. Moreover,
properties of the fractional integro-differential equations have
been studied by several authors [19–22].
The main objective of the present paper is to study the con-
vergence of homotopy perturbation method (HPM) for solving
the linear and nonlinear integro-differential equations of order
fractional. In this study, we consider Volterra integro-differen-
tial equations of fractional order of the form
cDd0þ fðxÞ  k
R x
0
kðx; tÞG½fðtÞdt ¼ gðxÞ;
fðiÞð0Þ ¼ ai; i ¼ 0; 1; 2; . . . ; r 1; r 1 < d 6 r; p 2 N;
(
ð1Þwhere g 2 L2([0, T]), k 2 L2([0, T]2) are given functions, cDd0þ is
the fractional derivative, and f(x) is unknown function. Manyaculty of Engineering, Alexandria University.
808 K. Sayevand et al.problems that arise in ﬂuid dynamics, biological models, chem-
ical kinetics, and other sciences lead to mathematical models
described by nonlinear fractional order integro-differential
equations [23–25].
The structure of this paper is organized as follows: In the
following section, we introduce the basic deﬁnitions and prop-
erties of the fractional calculus theory. In Section 3, we con-
struct an algorithm for solving Volterra integro-differential
equations of fractional order by using the homotopy perturba-
tion method. In Section 4, the uniqueness of the obtained solu-
tion of the approach is studied. In Section 5, the convergence
conditions for the homotopy perturbation method for the
Fredholm integro-differential equations of fractional order
are formulated and proved in paper. In Section 6, we present
some numerical results. We end the paper with few concluding
remarks in Section 7.2. Background material and preliminaries
In this section, we present the deﬁnitions and auxiliary results
regarding fractional calculus, which are used throughout this
work. The following properties can be found in [25–27].
2.1. Mittag–Lefﬂer function
The Mittag–Lefﬂer function Ea,b(z) with a> 0, b> 0 is de-
ﬁned by the following series representation, valid in the whole
complex plane [26]
Ea;bðzÞ ¼
X1
n¼0
zn
Cðnaþ bÞ : ð2Þ2.2. Riemann–Liouville fractional integral
The Riemann–Liouville fractional integral operator of order
a(aP 0) on the usual Lebesgue space L[0, T] is deﬁned as
Ia0þ fðtÞ ¼ 1CðaÞ
R t
0
ðt sÞða1ÞfðsÞds; ða; t > 0Þ;
I00þ fðtÞ ¼ fðtÞ;
(
ð3Þ
where C is the well-known Gamma function.
Some of the main properties of the Riemann–Liouville frac-
tional integral are given below
(i) Ia0þ I
b
0þf ðtÞ ¼ Iaþb0þ f ðtÞ,
(ii) Ia0þ I
b
0þf ðtÞ ¼ Ib0þ Ia0þf ðtÞ,
(iii) Ia0þ t
c ¼ Cðcþ1ÞCðaþcþ1Þ taþc.2.3. Caputo fractional derivatives
The Caputo fractional derivatives of order a are deﬁned by the
following expression
cDa0þ fðtÞ ¼
1
Cðn aÞ
Z t
0
ðt sÞna1fðnÞðsÞds; ðn 1 < a
6 n; t > 0Þ: ð4Þ
Also, we need here two of its basic properties(i) Ia0þ
cDa0þf ðtÞ ¼ f ðtÞ 
Pn1
k¼0f
ðkÞð0þÞ tkk!,
(ii) cDa0þ I
a
0þf ðtÞ ¼ f ðtÞ.3. Volterra integro-differential equations of fractional order
Applying the operator Id, the inverse of the operator Dd0þ , to
both sides of Eq. (1) yields
fðxÞ  kId0þ
Z x
0
kðx; tÞG½fðtÞdt
 
¼ Id0þðgðxÞÞ þ
Xr1
j¼0
aj
xj
j!
: ð5Þ
Operators L and N can be deﬁned in the following
way
LðFÞ ¼ F; NðFÞ ¼ kId0þ
Z x
0
kðx; tÞG½FðtÞdt
 
: ð6Þ
We choose f0ðxÞ ¼ Id0þðgðxÞÞ þ
Pr1
j¼0aj as initial approxima-
tion guesses. By using the above deﬁnition, we construct the
following homotopyHðF; pÞ ¼ FðxÞ  f0ðxÞ
þ p f0ðxÞ  kId0þ
Z x
0
kðx; tÞG½FðtÞdt Id0þ ðgðxÞÞ
 

Xr1
j¼0
aj
xj
j!
" #
; ð7Þ
where p 2 [0, 1] is the so-called homotopy parameter,
Fðx; pÞ : ½0;T  ½0; 1 ! R, and f0 deﬁnes the initial approxi-
mation of the solution of Eq. (1). Assume the solution of
Eq. (7) to be in the form
F ¼ F0 þ pF1 þ p2F2 þ p3F3 þ . . . : ð8Þ
In order to determine the functions Fj, j= 1, 2, . . . , substi-
tuting Eq. (8) into Equation H(F, p) = 0 and collecting terms
of the same power of p gives
F0ðxÞ ¼ Id0þðgðxÞÞ þ
Xr1
j¼0
aj x
j
j!
;
FjðxÞ ¼ kId0þð
R x
0
kðx; tÞSj1dtÞ; jP 1;
8><>: ð9Þ
where
S0
S1
S2
S3
S4
..
.
0BBBBBBBBB@
1CCCCCCCCCA
¼
1 0 0 0 0 . . .
0 F1 0 0 0 . . .
0 F2
1
2!
F21 0 0 . . .
0 F3 F1F2
1
3!
0 . . .
0 F4
1
2!
F22 þ F1F3 12!F21F2 14!F41 . . .
..
. ..
. ..
. ..
. ..
.
. . .
0BBBBBBBBBB@
1CCCCCCCCCCA
eG½F0fG0 ½F0fG00 ½F0gGð000Þ ½F0gGð4Þ ½F0
..
.
0BBBBBBBBBBBB@
1CCCCCCCCCCCCA
;
and
gGðnÞ ½F0 ¼ GðnÞ F0 þX1
m¼1
Fmp
mjp¼0
" #
; n ¼ 0; 1; 2;    : ð10Þ
Then, the solution of (1) has the following form:
FðxÞ ¼
Xn
j¼0
FjðxÞ: ð11Þ
Convergence analysis of homotopy perturbation method 809If it is difﬁcult to determine the sum of series (8) for p= 1,
then as an approximate solution of the equation, we approxi-
mate the solution F(x) by the truncated series:
FnðxÞ ¼
Xn
j¼0
FjðxÞ: ð12Þ4. General uniqueness
Theorem 1. Suppose there exist constant N such that
jkðx; tÞj 6 N; 8ðx; tÞ 2 ½0;T2; ð13Þ
and we suppose the nonlinear terms G are Lipschitz continuous
with
jGðyÞ  GðzÞj 6 Ljy zj: ð14Þ
Then, the Volterra integro-differential equations in (1) have a
unique solution whenever
0 <
jkjLNT1þd
Cðdþ 1Þ < 1: ð15Þ
Proof. Let F and F* be two different solutions of (1) then
jFðxÞ  FðxÞj ¼ jkjjId0þ
Z x
0
kðx; tÞðG½FðtÞ  G½FðtÞÞdt
 
j 6 jkjLId0þð
Z x
0
jkðx; tÞjjFðxÞ  FðxÞjdtÞj
6 jkjLNT
1þd
Cðdþ 1Þ kFðxÞ  F
ðxÞk1: ð16Þ
Hence, we get
kFðxÞ  FðxÞk1 6
jkjLNT1þd
Cðdþ 1Þ kFðxÞ  F
ðxÞk1: ð17Þ
Let us set
B :¼ jkjLNT
1þd
Cðdþ 1Þ ;
Since 0 < B< 1, so iF(x)  F*(x)i1 = 0. Therefore,
F(x) = F*(x), which ends the proof of theorem. h5. Convergence
In this section, we provide sufﬁcient condition for the conver-
gence of solution series. First, we introduce the following
notation.
Let C([0, T])) be the space of all continuous functions de-
ﬁned on [0, T] and C([0, T]2) be the space of all continuous
functions deﬁned on [0, T] · [0, T].
5.1. The linear theory
Theorem 2. Consider the following equationcDd0þ fðxÞ  k
R x
0
kðx; tÞfðtÞdt ¼ gðxÞ;
fðiÞð0Þ ¼ ai; i ¼ 0; 1; 2; . . . ; r 1; r 1 < d 6 r; p 2 N:
(
Let k(x, t) 2 C([0, T]2), g(x) 2 C([0, T]), and suppose
there exist constant N such that
jkðx; tÞj 6 N; 8ðx; tÞ 2 ½0;T2: ð19Þ
Moreover, suppose that Œf0(x)Œ 6 R,"x 2 [0, T], then the
series
P1
j¼0 FjðxÞ is absolutely convergent.
Proof. Now, we are going to prove that
P1
j¼0FjðxÞ is absolute
convergence. The assumptions made imply the following
estimations:
jF0ðxÞj ¼ jf0ðxÞj6 R;
jF1ðxÞj ¼ jkId0þ ð
R x
0
kðx; tÞF0ðtÞdtÞj6 jkjId0þ ð
R x
0
jkðx; tÞjjF0ðtÞjdtÞj6 Rjkj NTjxj
d
Cðdþ1Þ ;
jF2ðxÞj ¼ jkjId0þ ð
R x
0
jkðx; tÞjjF1ðtÞjdtÞ6 Rjkj
2N2T2 jxj2d
Cð2dþ1Þ :
8><>:
Proceeding by induction we obtain
jFjðxÞj 6 Rjkj
j
NjTjjxjjd
Cðjdþ 1Þ ; ð20Þ
Let we consider the series
X1
j¼0
RjkjjNjTjjxjjd
Cðjdþ 1Þ : ð21Þ
It is known that
X1
j¼0
jkjjNjTj jxjjd
Cðjdþ 1Þ ¼ EdðjkjNT jxj
dÞ; ð22Þ
is aMittag–Lefﬂer function of order d, evaluated at Œk ŒNT Œx Œd,
therefore the sequence
P1
j¼0FjðxÞ is absolute convergence. h5.2. The nonlinear theory
Theorem 3. Consider the following equation
cDd0þ fðxÞ  k
R x
0
kðx; tÞG½fðtÞdt ¼ gðxÞ;
fðiÞð0Þ ¼ ai; i ¼ 0; 1; 2;    ; r 1; r 1 < d 6 r; p 2 N:
(
Suppose that the following conditions are satisﬁed.
1. There exist constant N such that
jkðx; tÞj 6 N; 8ðx; tÞ 2 ½0;T2: ð23Þ
2. F0 2 Nr(F) where Nr(F) = {f 2 C([0, T])Œ if  Fi < r}.
3. The nonlinear terms G is Lipschitz continuous with
jGðyÞ  GðzÞj 6 Ljy zj: ð24Þ
Then, the series
P1
j¼0 FjðxÞ is absolutely convergent.
Proof. Deﬁne the sequence of partial sums fAkðxÞg1k¼0. Now,
we are going to prove that fAkðxÞg1k¼0 is absolute convergence.
Let AI(x) be an arbitrary partial sums, subtract F(x) from
SI(x), we have
810 K. Sayevand et al.AIðxÞ  FðxÞ ¼ kId0þð
Z x
0
kðx; tÞð
XI1
s¼0
Ss1ðtÞ  GðFðtÞÞÞdtÞ
¼ kId0þð
Z x
0
kðx; tÞðGðAI1ðtÞÞ
 GðFðtÞÞÞdtÞ; ð25Þ
jAI  FðxÞj 6 jkjLId0þð
Z x
0
jkðx; tÞjjAI1  FðtÞjdtÞ
6 jkjLNTjxj
d
Cðdþ 1Þ kSI1  FðxÞk1: ð26Þ
Proceeding by induction we obtain:
jA1  FðxÞj 6 jkjL NTjxj
d
Cðdþ 1Þ kF0ðxÞ  FðxÞk1;
jA2  FðxÞj 6 jkj
2
L2N2T2jxj2d
Cð2dþ 1Þ kF0ðxÞ  FðxÞk1;
..
.
jAn  FðxÞj 6 jkj
n
LnNnTnjxjnd
Cðndþ 1Þ kF0ðxÞ  FðxÞk1:
As we know, the series of
P1
n¼0
jkjnLnNnTn jxjnd
Cðndþ1Þ kF0ðxÞ
FðxÞk1 ¼ kF0ðxÞ  FðxÞk1EdðjkjLTNjxjdÞ is convergent,
therefore the series
P1
j¼0FjðxÞ is absolute convergence. h6. Test examples
In order to demonstrate the performance of the present meth-
od as a novel solver for integro-differential equations of order
fractional, two different problems were selected as test prob-
lems. The calculations were done using MAPLE.
Example 1. Consider the following integro-differential equa-
tion with the following initial condition
cDd0þ fðxÞ  k
R x
0
ðx tÞfðtÞdt ¼ x; 0 < d 6 10 6 x 6 1;
fð0Þ ¼ 0:
(
ð27Þ
Applying the operator Id0þ , the inverse of the operator
cDd0þ ,
to both sides of the above equation yields:
fðxÞ  Id0þðk
R x
0
ðx tÞfðtÞdtÞ ¼ x1þdCð2þdÞ ; 0 6 x 6 1
fð0Þ ¼ 0:
(
Then, calculating the successive functions Fj, we obtain the
following successive approximations
F0ðxÞ ¼ xdþ1Cðdþ2Þ ;
F1ðxÞ ¼ kx2dþ3Cð2dþ4Þ ;
F2ðxÞ ¼ k2x3dþ5Cð3dþ6Þ ;
..
.
FjðxÞ ¼ kjxðjþ1Þdþ2jþ1Cððjþ1Þdþ2jþ2Þ ;
8>>>>>><>>>>>>:Continuing this way ad inﬁnitum, we obtain
X1
j¼0
FjðxÞ ¼
X1
j¼0
kjxðjþ1Þdþ2jþ1
Cððjþ 1Þdþ 2jþ 2Þ : ð28Þ
It is clear that
X1
j¼0
kjxðjþ1Þdþ2jþ1
Cððjþ 1Þdþ 2jþ 2Þ ¼
X1
j¼0
kjxjðdþ2Þþðdþ1Þ
Cðjðdþ 2Þ þ ðdþ 2ÞÞ
¼ xdþ1Edþ2;dþ2ðkxdþ2Þ: ð29Þ
Thus the above sequence is convergent. This conﬁrms that
the HPM for integro-differential equation in (30) converges to
exact solution.
Example 2. Consider the following integro-differential equa-
tion with the following initial condition
cDd0þ fðxÞ 
R x
0
etf2ðtÞdt ¼ 1; 1 < d 6 2; 0 6 x 6 1;
fð0Þ ¼ 1:
(
ð30Þ
The value of d= 1 is the only case for which we know
the exact solution f(x) = ex. Applying the operator Id0þ , the
inverse of the operator Ddaþ , to both sides of the above equa-
tion yields
fðxÞ  Id0þð
R x
0
etf2ðtÞdtÞ ¼ 1þ xdCð1þdÞ ; 1 < d 6 2; 0 6 x 6 1
fð0Þ ¼ 0:
(
Using the proposed method, and by selecting
F0 ¼ 1þ xdCð1þdÞ, we obtain
FjðxÞ ¼ Id0þð
Z x
0
etSj1dtÞ; jP 1; ð31Þ
where
S0
S1
S2
S3
S4
..
.
0BBBBBBB@
1CCCCCCCA¼
1 0 0 0 0 . . .
0 F1 0 0 0 . . .
0 F2
1
2!
F21 0 0 . . .
0 F3 F1F2
1
3!
0 . . .
0 F4
1
2!
F22 þF1F3 12!F21F2 14!F41 . . .
..
. ..
. ..
. ..
. ..
.
. . .
0BBBBBBBB@
1CCCCCCCCA
F20
2F0
2
0
0
..
.
0BBBBBBB@
1CCCCCCCA:
In order to avoid difﬁcult fractional integration, we can
simplify the integration by taking the truncated Taylor
expansions for the exponential terms in (31), e.g.
et  1 tþ t2
2
 t3
3
.
If we take d= 0.5, by calculating the successive functions
Fj, we obtain
F0ðxÞ ¼ 1þ 1:128379167x0:5;
F1ðxÞ ¼ 0:1562500000x4  0:4999999999x3
 0:07291666664x5 þ x2 þ 0:08221808258x52
þ :7522527778x32  :1329535075x72
 0:03538185916x112 þ 0:03476541961x92;
1 2 3 4 5
x
20
40
60
80
100
120
140
f
Exact
HPM
Figure 1 Numerical convergence of the exact solution and HPM
solution.
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þ 0:3333333332x3  0:2969219582x5
þ 0:04228680801x8 þ 0:1269366287x4
 0:1234751533x7  0:009992706439x9
 0:1102753364x132 þ 0:0008116738911x212
þ 0:2230668636x112  0:5172182190x92
þ 0:991774808636x172  0:0006213883094x192
þ 0:6357873224x72 þ 0:01360749537x152 ;
F3ðxÞ ¼ 0:0001992435993x272  0:3302894924x132
þ 0:1317056512x112 þ 0:0003847352436x14
þ 0:3420050908x5  0:00007418284150x15
þ 0:006748773382x12  0:05544812302x8
þ 0:02773191190x10 þ 0:1578205807x7
 0:3536133204x6  0:01724939580x9
 0:001921443868x13  0:01458954081x11
 0:03438135646x212 þ 0:09755001706x192
 0:1988213125x172  0:00001231229578x292
 0:00001726560567x312 þ 0:01085773298x232
þ 0:2777130974x152 þ 0:1412860715x92
 0:001947440338x252 ;
..
.
From Fig. 1 we can see that the approximate solutions
obtained by present method are in perfect agreement with
the exact solution for d= 1.7. Conclusions
In this work, we introduce the study of the problem of conver-
gence of the HPM for solving the linear and nonlinear integro-
differential equations of order fractional. The obtained results
conﬁrm that the method is rapidly convergent and that approx-imate solutions obtained by present method are in perfect
agreement with the exact solution. Some examples are pre-
sented to illustrate the accuracy of the present method. Com-
parisons of approximate solutions with exact solution have
been shown by graphs, and absolute error functions are plotted,
which show the efﬁciency of the methods.
References
[1] J.Bai,X.ChuFeng,Fractionalorder anisotropicdiffusion for image
denoising, IEEE Trans. Image Process. 16 (10) (2007) 2492–2502.
[2] I. Podlubny, Fractional Differential Equations, Academic Press,
New York, 1999.
[3] I. Podlubny, Geometric and physical interpretation of fractional
integration and fractional differentiation, Fract. Calculus Appl.
Anal. 5 (2002) 367–386.
[4] K.S. Miller, B. Ross, An Introduction to the Fractional Calculus
and Fractional Differential Equations, Wiley, New York, 1993.
[5] M. Dehghan, J. Manaﬁan, A. Saadatmandi, Solving nonlinear
fractional differential equations using the homotopy analysis
method, Numer. Methods Partial Differ. Eqn. 26 (2) (2010) 448–
479.
[6] S. Momani, Z. Odibat, Homotopy perturbation method for
nonlinear partial differential equations of fractional order, Phys.
Lett. A 365 (2007) 345–350.
[7] Z. Odibat, Compact structures in a class of nonlinearly
dispersive equations with time-fractional derivatives, Appl.
Math. Comput. 205 (2008) 273–280.
[8] N. Faraz, Y. Khan, H. Jafari, M. Madani, Fractional
variational iteration method via modiﬁed Riemann–Liouville
derivative, J. King Saud Uni. Sci. 23 (2011) 413–417.
[9] A. Golbabai, K. Sayevand, On generalized fractional ﬂux
advection–dispersion equation and Caputo derivative, J. Math.
Comput. Sci. 2 (3) (2011) 425–430.
[10] A. Golbabai, K. Sayevand, Fractional calculus – a new
approach to the analysis of generalized fourth-order diffusion-
wave equations, Comput. Math. Appl. 61 (2011) 2227–2231.
[11] A . Golbabai, K. Sayevand, The Homotopy perturbation
method for multi-order time fractional differential equations,
Nonlin. Sci. Lett. A 1 (2010) 47–154.
[12] A. Golbabai, K. Sayevand, Analytical modelling of fractional
advection–dispersion equation deﬁned in a bounded space
domain, Math. Comput. Model. 53 (2011) 1708–1718.
[13] A. Golbabai, K. Sayevand, Analytical treatment of differential
equations with fractional coordinate derivatives, Comput.
Math. Appl. 62 (2011) 1003–1012.
[14] A. Yildirim, An algorithm for solving the fractional nonlinear
Scho¨rdinger equation by means of the homotopy perturbation
method, Int. J. Nonlinear Sci. Numer. Simul. 10 (2009) 445–
450.
[15] K. Sayevand, A. Golbabai, Ahmet Yildirim, Analysis of
differential equations of fractional order, Appl. Math. Model.
36 (2012) 43564364.
[16] U. Lepik, Solving fractional integral equations by the Haar
wavelet method, Appl. Math. Comput. 214 (2) (2009) 468–
478.
[17] S. Momani, M.A. Noor, Numerical methods for fourth-order
fractional integro-differential equations, Appl. Math. Comput.
182 (1) (2006) 754–760.
[18] E.A. Rawashdeh, Numerical solution of fractional integro-
differential equations by collocation method, Appl. Math.
Comput. 176 (2006) 1–6.
[19] R.P. Agarwal, S.K. Ntouyas, B. Ahmad, M.S. Alhothuali,
Existence of solutions for integro-differential equations of
fractional order with nonlocal three-point fractional boundary
conditions, Adv. Diff. Equ. 128 (1) (2013) 1–9.
812 K. Sayevand et al.[20] Q.M. Al-Mdallal, Monotone iterative sequence for nonlinear
integro-differential equations of second order, Nonlinear Anal.
RWA 12 (6) (2011) 3665–3673.
[21] L. Zhang, B. Ahmad, G. Wang, R.P. Agarwal, Nonlinear
fractional integro-differential equations on unbounded domains
in a Banach space, J. Comput. Appl. Math. 249 (2013) 5156.
[22] Q.M. Al-Mdallal, Boundary value problems for nonlinear
fractional integro-differential equations: theoretical and
numerical results, Adv. Diff. Equ. 18 (2012).
[23] S. Momani, Non-perturbative analytical solutions of the space-
and time-fractional Burgers equations, Chaos Soliton. Fract. 28
(2006) 930–937.[24] A.M. Golberg, Solution Methods for Integral Equations,
Theory and Applications, Plenum Press, New York, 1979.
[25] A.J. Jerri, Introduction to Integral Equations with Applications,
Marcel Dekker, New York, 1971.
[26] S. Miller, B. Ross, An Introduction to the Fractional Calculus
and Fractional Differential Equations, John Wiley and Sons,
USA, 1993.
[27] A.Y. Luchko, R. Groreﬂo, The initial value problem for some
fractional differential equations with the Caputo derivative,
Preprint series A08-98, Fachbreich Mathematik und Informatik,
Freic Universitat Berlin, 1998.
